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Abstract – The paper presents a methodology for the modeling of metamaterial structures which are built as
lattices of double negative unit cells. The effective description for a double negative unit cell is found by
parameter fitting of dispersive models. The obtained models are implemented in higher level simulations and
used for the characterization of large metamaterial macrostructures. A parabolic antenna composed of split
ring resonators and wires is anylyzed by this approach, and its radiation and refraction behavior is evaluated.
The simulation results for the detailed and effective representations of the antenna are compared to each
other and validate the proposed modeling approach.
Index Terms – Metamaterials, Antennas, Negative Refraction

1. Introduction
During a few recent years, artificial media with negative real
parts of the electric permittivity and magnetic permeability
(hence DNG: double negative materials) gained enormous
interest in the scientific community [1, 2, 3]. The unconventional, not available in nature response functions of these
structures are generated by artificially fabricated inclusions or
inhomogenities embedded in a host medium. One of the most
popular concepts for the construction of a double negative
metamaterial cell is to use a combination of a split ring resonator (SRR) and a wire, providing frequency dependent
negative magnetic permeability and negative electric permittivity, respectively [4].
Metamaterial (MTM) structures are built of periodically
ordered cells, with the assumption that the lattice constant is
much shorter than the wavelength in the medium. A DNG
unit cell typically contains very fine elements (e. g. narrow
gaps in split ring resonators, thin metal wires) in its structure.
Consequently, the details of the structure are very small with
respect to the wavelength, which makes it challenging to include them in the full-wave 3D electromagnetic analysis. On
the other hand, the observation of the desirable macro-effects
(e. g. negative refraction) requires that the MTM should have
the size of at least several wavelengths. The number of unit
cells in a 2D MTM medium (e. g. one layer DNG lattice) is
typically of the order of 100.
When both micro- and macro- requirements are combined,
one ends up with the computationally large problem which
renders the numerical analysis impractical. To make the simulation of the macro-effects virtually possible, one describes
a DNG structure by the effective parameters, i. e. effective
electric permittivity and effective magnetic permeability. Effective parameters are typically obtained from the simulation
of metamaterial unit cells. The electromagnetic behavior of

Fig. 1: The DNG MTM unit cell. LHS: MWS implementation of the SRR/
wire reference unit cell; RHS: unit cell dimensions: gap width g = 0.5 mm,
wire width g = 0.5 mm, lattice constant a = 5 mm, cell height b = 4 mm,
outer SRR height w = 3 mm, ring spacing d = 0.5 mm, strip width c =
0.25 mm.

the effective macrostructure should be equivalent to the corresponding results for the detailed model.
The main aim of this work is to present a modeling approach
applied to MTM structures, based on an example of a DNG
MTM parabolic antenna. The MTM is simulated at two levels:
as a microstructure (single unit cell), or macrostructure (periodic lattice) [5, 6]. First, at the microstructure level, the effective material parameters are extracted from the results of
3D field simulations in a single unit cell, i. e. from its scattering
matrix. The effective parameters are computed by the parameter fitting of dispersive models. Next, the equivalent representation of the MTM macrostructure is formed as a properly shaped homogeneous slab described by the extracted
and optimised dispersive Drude and Lorentz models. Finally,
the MTM macrostructure is simulated as the effective structure as well as the detailed lattice, and the corresponding
numerical results are compared. All simulations are performed using a commercial implementation of the Finite Integration Technique, FIT [7], i. e. with the software package
CST Microwave Studio (MWS) [8].

2. Extraction of Effective Material Parameters
There are several methods for the extraction of effective
material parameters for DNG MTM structures. The most
popular approach is the extraction from transmission and
reflection characteristics, the method commonly used to find
the effective parameters of a material sample under test by the
experimental measurement of its scattering matrix [9]. Several variations of this approach applied to MTM are presented in [10, 11, 12].
In the frame of this work, the method based on parameter
fitting of dispersive models (PFDM) is used [13]. The effective
material parameters are found by fitting scattering parameters of the equivalent homogeneous representation to the S
matrix of the reference structure. The reference structure is a
detailed DNG geometry simulated in the electromagnetic
solver, whereas the effective representation is a slab of a isotropic, homogeneous material described by dispersive Drude
(electric permittivity) and Lorentz (magnetic permeability)
models. The coefficients of the dispersive models are the parameters in the optimization process. The optimization goal is
to minimize the difference between the scattering parameters
obtained for the reference structure and the homogeneous
structure. The homogeneous cell should provide the same
transmission/reflection behavior as the SRR/wire based DNG
cell.
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Fig. 2: Magnitude (a) and angle (in deg, b) of scattering parameters for
SRR/wire reference structure (solid line) and for the optimized homogeneous structure (dashed line).

The simulation procedure for the DNG reference cell
(Fig. 1) is similar to the one used in [14] and described in detail
in [13]. An automeshing algorithm is used in MWS to create
the computational grid for the SRR/wire geometry. The
structure is simulated with the time-domain solver, the excitation pulse has a Gaussian distribution in time domain that is
transformed into 1000 intermediate frequencies from 7 to 11
GHz in the frequency domain. Magnetic boundary conditions
are applied at the faces along the axis of the rings (z limits)
and electric boundary conditions are used at the y faces of
the mesh volume. The ports are at the x limits of the mesh
volume where open boundary conditions are used. The
structure is excited by the first mode of a so-called waveguide
port, with the electric field of a plane wave polarized in the y
direction and propagating along the x direction. The ring and
the wire are simulated as copper and placed on a 1 mm thick
dielectric slab characterized by eR = 3.4. Obtained reference
scattering parameters are presented in Fig. 2.
The effective representation of the DNG MTM cell is a
homogeneous slab with the same unit cell dimensions as the
MTM unit cell. The scattering parameters for the homogenized DNG cell are obtained analytically. The effective permittivity and permeability models are assumed to be of Drude
and Lorentz form, respectively (the values of eeff and meff are
relative to those in free space):
w2p
eeff ðwÞ ¼ e1 
wðw  inc Þ

68

ðms  m1 Þw20
w20 þ iwd  w2

(1)

(2)

where ms/m1 magnetic permeability at the low/high frequency
limit, w0 radial resonant frequency, d damping frequency.
An optimization algorithm [15] searches for the values of eeff
and meff subparameters (i. e.: e1, wp, nc, ms, m1, w0, d) providing
the best fit between the scattering parameters of the homogenized (S11, S21) and the reference structure (S11ref, S21ref).
The optimizer goal function takes the form:
X
G¼
ðjS11  S11ref jfi þ jS21  S21ref jfi Þ
(3)
i

where scattering parameters are fitted at i frequencies in the
frequency range of interest.
The optimized parameters of Drude and Lorentz models
for the structure in Fig. 1 are given in Tab. 1. A comparison of
magnitude and angle of scattering parameters obtained by
optimization with the reference results in Fig. 2 shows a very
good fitting. Corresponding eeff and meff characteristics given in
Fig. 3 show a DNG behavior in the frequency range 9 – 9.65
GHz. The delivered dispersive models form the effective
description for the homogeneous model of the MTM macrostructure.
<unbekanntes object>
In the analysed frequency band (7 – 11 GHz) four frequency
regions can be distinguished [5]. The first region (7 – 9 GHz) is
the single negative band (SNG, eeff < 0 and meff > 0) characterized by high attenuation and very weak transmission.
The second region (9 – 9.65 GHz) is the double negative band
(DNG, eeff < 0 and meff < 0), where unusual phenomena (e. g.
negative refraction) can be observed. The narrow third frequency band (9.65 – 9.8 GHz) is similar to the first one a SNG
stopband (eeff < 0 and meff > 0). Finally, the fourth region (9.8 –
11 GHz) is the double positive band (DPS, eeff > 0 and meff > 0),
where common phenomena (e. g. positive refraction) occur.

3. Macrostructure Simulations

where e1 electric permittivity at the high frequency limit, wp
radial plasma frequency, nc collision frequency;
meff ðwÞ ¼ m1 þ

Fig. 3: Effective magnetic permeability meff = m-jm (a) and electric permittivity eeff = e-je (b) obtained by parameter fitting of dispersive models (m,
e solid line, m, e dash-dot line); the dashed vertical lines limit the DNG
frequency band (9 – 9.65 GHz).

The MTM macrostructure analysed in this paper is a MTM
lattice of a parabolic shape, which due to its DNG properties
leads to an unusual phenomenon [16]. With a negative index
of refraction, the refracted wave occurs on the same side of the
normal to the boundary as the incident wave, which leads to
the focusing of waves in the DNG frequency range. The detailed implementation of the single MTM layer is built of 125
Table 1: Optimized Drude/Lorentz parameters for DNG MTM structure.
Parameter

Optimized Value

e1
wp
nc
ms
m1
w0
d

2.03
2·p·13.96 GHz
1.407 GHz
1.38
1.19
2·p·8.98 GHz
0.453 GHz

Fig. 4: Detailed (top) and effective (bottom) representation of the planeconcave MTM lens.

Fig. 5: Distribution of the electric field (xz plane) in the DNG (9.3 GHz, top)
and DPS (11 GHz, bottom) frequency range for the detailed (LHS) and
effective (RHS) representation of the MTM macrostructure. .

SRR/wire unit cells, periodically repeated with the lattice
constant a = 5 mm in x and z directions (Fig. 4, top). The
macrostructure shape forms a plane-concave type lens. When
built of a typical double positive (DPS) material, i. e. characterised by both positive electric permittivity and magnetic
permeability, the plano-concave lens has diverging properties.
The effective model of the MTM macrostructure (Fig. 4,
bottom) is a homogenenous slab with the shape and dimensions corresponding to the detailed MTM lattice. Its constitutive parameters are described by the frequency dependent Drude and Lorentz models summarized in Table 1.
Both structures are simulated with the time-domain MWS
solver, which allows to evaluate the distribution of the electromagnetic fields at frequencies of interest in one transient
run due to the recorded field monitors based on discrete
Fourier transform. The structure is excited from the waveguide port at the lower x boundary and open boundary conditions limit the mesh volume in each direction.
The predicted focusing behavior in the DNG frequency
range (9.3 GHz) and the lack thereof in the DPS frequency
range (11 GHz) is demonstrated in Fig. 5. The figure presents
the distribution of the electric field for a plane wave excitation
from the left hand side (LHS) of the structure (waveguide port
at the –x face, Ey field polarization, wave propagation in +x
direction). A very good agreement between the corresponding field patterns for the detailed (LHS) and effective
(RHS) macrostructures can be noticed.
To further demonstrate the focusing properties of the
structure, the spatial distribution of the normalized electric

field in the yz plane on the right hand side (RHS) of the lens is
presented in Fig. 6. The z = 0 plane corresponds to the symmetry axis of the macrostructure.
The strong focusing effect can be noticed in the frequency
range of double negative parameters. This effect is lost while
approaching the double positive range above 10 GHz. A very
good qualitative agreement between the field distributions for
the effective and detailed macrostructures can be noticed
(also at 12 GHz, i. e. at the frequency out of the validity range
of the Drude/Lorentz description). According to the predictions from the unit cell analysis (Section 2) a strong attenuation (of the order of 50 dB) for the signal transmitted through
the lens is observed below 9 GHz, due to the single negative
material parameters in this range (field distributions not
shown here). The absolute values of magnitude for the
transmitted electric field are comparable in the DNG and
DPS frequency ranges (i. e. there are no significant losses in
the DNG frequency band). The absolute values of the field
magnitude for the detailed and effective macrostructures are
also of the same order (note that the normalized values are
reported in Fig. 6).
The layers of the investigated MTM structure can be stakked in the vertical dimension and act as a type of antenna, with
its farfield characteristics predicted by numerical simulations.
In Fig. 7 the 4-layer detailed MTM structure and the corresponding farfield characteristic are presented. The number
of MTM unit cells in this case is of the order of 500 and the
numerical costs of the simulations are tremendous. The simulated phase center for the detailed structure at the frequency of 9.45 GHz is located 42 mm from the lens face.
The numerical costs can be significantly reduced by simulation of the equivalent effective structure characterized by
the extracted Drude/Lorentz models. The corresponding homogeneous macrostructure and its farfield characteristic is
presented in Fig. 8. The computed phase center is located
41.2 mm from the slab face. This value is in a very good

Fig. 6: Distribution of the normalized electric field on the RHS of the focusing MTM lens at 3 frequencies in the DNG range (9.3, 9.5, 9.6 GHz) and
at 3 frequencies in the DPS range (10, 11, 12 GHz): solid line – detailed
macrostructure, dashed line – effective macrostructure. Fig. 5: Distribution
of the electric field (xz plane) in the DNG (9.3 GHz, top) and DPS (11 GHz,
bottom) frequency range for the detailed (LHS) and effective (RHS) representation of the MTM macrostructure. .
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Fig. 7: Farfield directivity of the SRR/wire composite antenna with the
computed phase center at 42 mm.

Fig. 8: Farfield directivity of the effective bulk antenna with the computed
phase center at 42 mm.

agreement with the reference phase center location obtained
for the detailed lens in Fig. 7.
The presented effective models allow for a substantial reduction of computational costs, typically of 2 orders of magnitude (i. e. by a factor of 100) regarding the memory as well
as CPU requirements. Numerical analysis with the time-domain solver deliver all important quantities such as field
monitors and farfield characteristics within one transient simulation run.
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4. Conclusions
A numerical approach to the modeling of metamaterial
structures is presented based on the example of a parabolic
metamaterial antenna. Starting with the numerical analysis of
a single unit cell, effective material parameters are obtained
by parameter fitting of dispersive models. The resulting models form the effective description of the metamaterial and
allow to predict its macroscopic behavior. The effective macromodels allow for substantial savings of computational costs
regarding 3D full-wave numerical analysis of metamaterials.
A very good agreement between the simulation results of the
detailed and effective structure validates the proposed macromodeling approach.
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